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Abstract:

This paper presents a comparative analysis of microstructural parameters by the powder X-
ray diffraction method on a polycrystalline sample and the fractal analysis. The presented
results of microstructural parameters are obtained by crystallographic programs FullProf
based on the Rietveld method. The synthetic Ba/Ca-celsian sample has been used for
microstructural parameters analysis. The feldspar sample has been synthesized by the
thermal induction phase transformation process of ion exchange Ca-LTA zeolite with Ba
cation. After the ion exchange Ba/Ca-LTA, the sample was heated at the temperature of
1300°C and the structure of Ba/Ca-feldspar was determined by the X-ray powder diffraction
analysis. The X and U shape parameters that contribute to the strain have been reconstructed
by fractal interpolation. Once we can reconstruct the shapes, which are quantum mechanics
effects, we should provide the data for predicting desired parameters mentioned previously.
We reported in this paper the successful application of this advanced and deep
microstructure analysis, which confirmed original fractal copies based on the presented
morphology characterization.
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1. Introduction

The microstructural parameters determination is an important part of the ceramic
materials characterization process because they determine the crystallite size and micro-strain
in the crystal lattice. Those parameters can be designated by using different techniques:
transmission electron microscopy (TEM), scanning electron microscopy (SEM) and X-ray
diffraction (XRD) [1-4]. Microstructural parameters determine size of the crystallite and
microstrain in the crystal lattice. They can be determined using X-ray diffraction analysis,
datas based on the broadening of diffraction lines, with so-called line broadening analysis —
LBA [5]. According to the literature [6], LBA can be defined as (1) the full width at half
maximum (FWHM), which represents the width of the peak at half its maximum intensity,
and (2) the integral width g, which is the width of the rectangle that has the same height and
surface as the diffraction peak. The most common causes of the line broadening are the
presence of small crystallites, structure disorder, presence of dislocations, or microstrain in

the crystal lattice.

Rietveld's analysis is one of the most commonly used programs (software) for calculating
the size/strain parameters [7]. The software contains modified models for calculating the
value of deformation/size based on the anisotropic expansion of diffracted peaks [8, 9]. Two
models of size-broadening anisotropy are currently used in Rietveld programs. In the first
model proposed by Greaves, the crystal rotation axis is normal to the plate or parallel to the
needle axis, and there is no broadening effect. So, only one refined parameter, the plate
thickness or the needle diameter, is present [10]. The second model for observing the size-
broadening anisotropy is the model of spherical harmonics, proposed by Popa. [11]. Popa and
Balzar determined that the apparent crystallites determined in this way (or by conventional
methods if available) can be further used in the least-squares refinement program to fit the
parameters of a physical model: the shape, orientation, and size distributions of crystallites
[12].

By applying this software to X-ray diffraction results, we can refine micro-strain and size
parameters, which characterize the examined crystalline materials samples [13, 14].
Furthermore, if we want to predict and design the desired microstructural parameters, we can
achieve that goal by applying fractal nature interpolation analysis on the obtained size/micro-
strain three-dimensional representation. The crystallographic quantum mechanics analysis is
enriched with the fractal interpolating method, which provides the crystallographic sample

shape reconstruction, and opens the possibility for micro-structure parameters prognosis and



design [15]. The connection between quantum mechanics and crystallography is very close.
Richard Weiss was the first to propose the extraction of quantum mechanical information
from crystallographic data [16]. He defined quantum crystallography as a field where
crystallographic data are combined with quantum mechanical methods and techniques [17].
Based on the methods of crystallographic quantum mechanics [17] and the determination of
crystal structure, we have highly integrated research tools. These methods have an excellent
application in modern organic, inorganic, and physical chemistry science. The diffraction and
scattering experimental analyses of the atomic-scale structures are necessary for providing
guantum mechanics wave functions.

All of the above-mentioned are very important for listed feldspars and other materials.
We have innovated some new approaches based on fractal nature analysis, obtained upgraded
research and related results, and got advanced desired materials properties. Practically, almost
for the first time in crystallographic science and other related and similar research, we have
applied fractal interpolation to the three-dimensional representation of the structural
parameters of micro deformations/quantities.

The main idea was the reconstruction of microstructure presentations on the
mentioned figures. We have made whole new progress in our research to redesign from the
points of the figures of the structure, to reach a possible reconstruction. In that sense, we have
applied an important novelty based on the fractal interpolation method (Akimo polynomial
method) [18] and successfully got excellent results with reconstructed shape structures. We
extended our principal idea and research goal towards possibilities that we can, by these
quality morphology reconstructions, use as excellent data for prediction and advanced
designing of these structures at the very deep and micro-materials crystallographic level.
Once we can reconstruct these shapes, we will control the next steps in predicting and
designing these required crystallographic properties of the material. In this way, we
practically project the expected results in the experiment using compiled crystallographic
methods and supporting equipment. We successfully got good results in the reconstruction
process with possible neglected minor errors.

The main goals of this work are (a) to determine the crystallite size and microstrain of
feldspar by crystallographic programs FullProf; (b) to reconstruct microstructure

presentations by the fractal analysis method.



2. Materials and Methods

2.1. Short intro to fractal interpolation

One of the most widely used types of approximation technique is interpolation. It
requires the approximation function to pass through predefined points. Suppose, further, that
the points p; = (x;,y:), i = 1, ..., N + 1 which we want the interpolation function to pass are
given, and that abscissas of these points are arranged in ascending order. In our paper, we
have used the Fractal Interpolation Curve (FIC). To obtain the two-dimensional FIC curve,
we have used the Iterative Function System (IFS) [19, 20]. IFS are a finite set of contraction
mappings {wy, w,, ...,wy} of the complete metric space (R? d) into itself. Let X be a

bounded set from RZ2, then

WX) = UL w; (20, 1)

is Hutchinson operator [21] over R2. The Hutchinson operator over R? is a contraction in
metric space (H(R?),h), where h is the Hausdorff distance. The fixed point of the
Hutchinson operator is IFS attractor. IFS always admits at least one attractor, according to
Barnsley [22]. Over points p;, i=1,..,n+1, we have defined IFS with affine

transformations [23-26].

w; [;] = [Cclf C(i)i] [;] + [2‘] i=1,..,N, @)
and constraints
w; [;2] = [;i:ﬂ and w; ;z] = [;i] i=1,..,N. (3)

From equation (2), we can see that every transformation w;, i = 1, ..., N has five free
parameters a;, c¢;, d;, e; and f;. further, according to equations (3), each transformation has
four conditions. So, one parameter in each equation is free. We have selected that the free
parameter is d; . Reason for this choice is in the geometric interpretation of the parameter d;.
Transformation w; maps the lines parallel y-axes to the lines parallel y-axes. So, a straight
line of length I, which is parallel to the y-axis, maps to the straight line w;(l), which is also
parallel to the y-axis. The absolute value of the quotient of the line lengths is equal |d;|.

It is sufficient for the absolute value of the parameter d; to be less than one to ensure
that the affine transformation w; is a contraction. If all affine transformations wj;, i =

1, ..., N are contraction, then the IFS attractor is a graph of a continuous function passing
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through interpolation points p;,i = 1,...,N + 1. This continuous function is the Fractal
Interpolation Function (FIF). When the ordinates x; of the interpolation points p; are not in
ascending order, direct application of IFS, defined by (2) and (3), does not give an
interpolation curve that passes through the interpolation points.

In that case we have introduced a reversible transformation

T(xi,yi) = (ui,vi), i = 1, ,N + 1, (4)

where

1A
U; = xo + Z(|xj - xj—1| + P) =uj—q + (Ix; —x-1] + ©), Vi =Y (5)
=1

Ordinates u; are obviously in a strictly ascending order. The positive constant ¢ in (5)

is not equal to 0 only when all interpolation points have the same ordinates. In the last step,

we have mapped the obtained attractor in (u, v)-plane by inverse transformation

T'@W',v') = (£, y"), (6)

where

!
—Uji—1

u
x'=xi_1+ (g —x-1) " u' € [u;_q,ul, y=v (7)

back into the (x, y)-plane.

2.2. Samples

For starting material, the zeolite of LTA topology with Ca major extra framework
(ratio of Si/Al = 1.00) has used, manufactured by Union Carbide Co [27]. The zeolite
precursor of the Ca-LTA topology was ion-exchanged with 0.21M BacCl, solutions, with a
solid/liquid ratio of 1/30. After ion exchange, the modified Ba/Ca-LTA zeolite topology was
sintered at a temperature of 1450 °C [28]. At this temperature, the zeolite precursor

crystallized to mineral celsian, Fig.1. The samples were denoted as Celsianggca.
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Fig. 1. The X-ray powder diffraction diagram of feldspar sample — Celsianga/ca

[JCPDS-74- 1677].

2.3 Methods

The X-ray powder diffraction (XRPD) patterns were obtained on a Philips PW-1710
automated diffractometer Cu Ko operated at 40 kV and 30 mA, with diffracted beam curved
graphite monochromatic and a Xe-filled proportional counter. For the Rietveld refinements,
data were collected by the step-scanning mode in the range of 4-150° 26, count time was
increased to 12.5 s, and step size was 0.02°. Structural refinements were performed using the
Rietveld method [8] implemented in the FullProf software [14]. The peak profiles were
modeled using the Thompson-Cox—Hastings modified pseudo-Voigt (TCH-pV) function.

The program Mathematics was used to obtain Fractal Analysis data [29].

3. Results

The basic chemical formula of feldspar is  (M"M*")[(Si,Al)4Og],
where M* and M?* are cations of alkaline and earth alkaline metals. Structurally, feldspars
belong to the group of tectosilicates with building units of the chain type, where SiO4 and
AlQ, tetrahedral are the basic building units [30]. Tetrahedral in the aluminosilicate network

are connected in SIJ, which are represented by single four-membered rings (S4R). The



secondary building units are connected in the way that two adjacent tetrahedral are oriented
downwards and the other two upwards (Figure 7). Most feldspar crystallizes with an
unregulated distribution of Si** and AI**, and the process of structure editing itself is quite
slow and complicated. Electrostatically, a silicon atom with four positive charges balances
four negative charges from 4 oxygen anions.

Most feldspar crystallized with a disordered distribution of Si** and AI** in the space
group C2/m [31]. The process of the structured ordering into space group I2/c is slow and
difficult. During the process of ordering the distribution of the Si/Al cations antiphase
domains, a b-type can be formed. These domains are inducing a zone—boundary transition
from the C (7A) lattice for disordered feldspars to the | (14A) lattice for ordered feldspars

with the ratio of Al: Si=1:1. The main difference between feldspars is in the number and the

intensity of the b-type (h+k = 2n+ 1, | = 2n + 1) superstructure reflections. Tribaudino
et al. [32] concluded that the b-type superstructure reflections in the monoclinic 12/c are due
to the displacement of the non-tetrahedral cations. In the data set presented here, the ‘b’
type reflections were noticed in Celsiangyca, and consequently, the 12/c space group was
chosen for refined the structure.

The corresponding Celsiangyca polymorph structure was refined, starting with
structural parameters published in the literature [33]. Based on the structural data, by the X-
ray powder diffraction analysis (Fig. 1), the crystal chemical formula was
Bap s4Cap 13Al,Si,0g. The structure was refined in space group 12/c with structural parameters
published in the literature (ICSD number 25836, [34]). The structure and profile data refined
by the Rietveld method are presented in Tab. I.



Tab. I The structure and profile data refined by

Rietveld method for phase Celsiangyca i f
p Bao_gg,cao_lsAIzSizos Ba/Ca [ ]

Space group 12/c

Prof. fun. Thompson—Cox—Hastings

a(h) 8.6307 (4)
b () 13.052 (4)
c(A) 14.401 (4)
) 114.90 (3)
Vv (A3) 1471.4 (2)
U 0.09809 (3)
X 0.08111 (3)
Y 0.10451 (3)
Chi2 1.41

R(F) 3.12

R(B) 4.58

To refine the size of the crystallite and micro-strain obtained by XRD, FullProf
software [14], based on the Rietveld method [8], was applied. The peak profiles were
modeled using the Thompson—Cox—Hastings modified pseudo-Voigt (TCH-pV) function.
The crystal structure of feldspar Celsiangaca [28] refined by the Rietveld method is presented
in Tab. Il. and Fig. 2. The model of spherical harmonics was used for determination of the

crystalline size.



Tab. Il Microstructural parameters refined in FullProf crystallographic program, in spherical
harmonics model.

Celsiangyca

Bag g5Cap 15Al,Si;0g

Space group 12/c

Generalized Sy, strain parameters

S0 -0.1065-0.00119
Soao -0.0201-0.0
Soos -0.0028-0.0012
S220 0.0148-0.0148
Sa02 0.1894-0.0113
So22 0.0586-0.0068
Si21 0.0388-0.0164
Sso1 -0.0647-0.0169
S103 0.0724-0.0044
average apparent size (A) 1094 (2)
average mixing strain x10° 25
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Fig. 2. The observed (circles), calculated (continuous line) and difference powder diffraction
profiles for Celsiangyca.



3.1. Results and disscusion of the microstructural analysis

The results for microstructural parameters refined in FullProf software in the spherical
harmonics model are presented in Table 2. This model is based on the observation that the
volume-averaged column length in the Scherrer [5] formula, DV (h), is invariant to the Laue
group operations and therefore can be expanded in a series of symmetrized spherical
harmonics of polar and azimuthally angles of h, the unit vector along the reciprocal lattice
vector H [5]. As is well known, the dhkl spacing between the planes for any reflection is
defined by the Miler indexes given by 6% (M) = £ Suxh™kKIb.

It is well known that the width of the diffraction lines, obtained by the Rietveld analysis
of diffraction profiles, consists of a convolution of Gaussian and Lorentzian line shapes [35].
The shape parameters X and U (Table 1), which contributions the strain, may duplicate the
action of the Syk. parameters [35]. Based on the crystal system, there are certain limitations
for the anisotropic strain parameters, which lead to the restrictions on strain parameters
presented in Tab. Il. The graphic of a three-dimensional representation of microstrain/size

microstructural parameters is shown in Fig. 3.
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Fig. 3. Size and strain projection in plane a/b, a/c and b/c for Celsiang,ca three-dimensional
representation.



3.2. Fractal interpolation data

From the obtained microstrain/size 3D representations for feldspars crystal structure,
we selected four 3D representations (denoted as r1, r2, r3, and r4 in Figure 3) on which we
applied the fractal interpolation analysis. The obtained data are taken from Fig. 3 and Tab. |
and Tab. Il are presented in schemes 1-4.

Scheme 1. Fractal interpolation data for 3D representation r1.

Scheme 2. Fractal interpolation data for 3D representation r2.



Scheme 3. Fractal interpolation data for 3D representation r3.

Scheme 4. Fractal interpolation data for 3D representation r4.



The main research area in this paper is 3D microstructural characterization on
experimental samples Celsiangyca by two methods. As a part of this experimental research,
we got strain projections in the plane as a result of applied characterization methods by the
Rietveld method (within FullProf software). As a result of this analysis, we got figures 4. to
7. These microstructure analysis results and presentations are the core point in deep materials
crystallographic analysis. These are very important, but we have performed, in our research
paper, for the first time in crystallography advanced mathematical-physical methods.

On every Fig. from 4 to 7, we have on the left side original presented structures
(r1,...,r4). From these structures, we have taken the data presented in schemes 1 to 4. These
data represent interpolation nodes in the method of obtaining fractal interpolation function.
As a result of the 3D characterization process, we have reconstructed the shapes of related
structures. There is a very high similarity between the experimental and results based on the

reconstruction by the fractal interpolation method.

Fig. 4. Strain projection in plane a/c for Ba/Cafeld,ra on the left and corresponding fractal
interpolation model on the right.



O

Fig. 5. Size projection in plane a/c for Ba/Cafeld ta on the left and corresponding fractal
interpolation model on the right.

Fig. 6. Size projection in plane a/b for Ba/Cafeld A on the left and corresponding fractal
interpolation model on the right.

Fig. 7. Strain projection in plane b/c for Ba/Cafeld, ra on the left and corresponding fractal
interpolation model on the right.



Images from the left side in Fig. 4 - 7 are generally the result of quantum
crystallography application analyses [36]. The wave-functions approximation could be
improved by the fraction and scattering applied experiments. Charge density models include

electron-density distributions, atomic positions, and atomic motion.

4. Conclusions

We have applied, in our research, fractal nature interpolation analysis on the different
feldspar size/micro-strain experimental results obtained by crystallographic methods and
software to introduce a new characterization and reconstruction approach. It is very
significant from the aspect of ceramic materials microstructural parameters determination
enhancement, as well as from the aspect of obtaining the predicted and desired crystallite size
and micro-strain parameters. Now we can notify the evident very advanced application
method novelty within the process of crystallographic characterization. So, in this way, by
fractal penetration in crystallographic methods, we opened quite a new frontier for a very
high level of improvement and upgrading the experimental results in characterization by
mathematical-physical fractal interpolation method applied to clear experimental results and
points.

The research has improved by supplementing diffraction experiments, quantum
chemically calculated diffraction experiments, and Tailor-made electron densities. The
quantum chemistry and diffraction/scattering experiments are integrated as one tool. Our
fractal interpolation wave function reconstructions could be treated as an advanced novelty
that further develops quantum crystallography analysis methods.
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Casxcemax

V pady je npuxazana xomnapamueHa amaiuza MUKpOCmMpYKmMypHUX napamemapa
MemoOOM peHO2eHCKe Ouparyuje npaxa HA NOJUKPUCMATHOM Y30PKY U  MemoooM
@paxmanne ananuze. Ilpukazanu pe3yimamu MUKpOCmMpyKmypHux napamemapa 0ooujenu cy
Kpucmanoepagckum npoepamuma Dyanllpog 6azupanum na Pumeeno memoou. 3a ananuzy
MUKPOCMPYKMYPHUX napamemapa kopuuwihen je cunmemuuku y3zopak Ba/Ca-yensujan.
V3opak ¢enocnama je cummemuzoean npoyecom MepMAIHO UHOYKOBAHe  (pasHe
mpancpopmayuje joncku usmerenoz Ca-LTA zeonuma ca xamjonom Ba. Haxowu jomcke
usmene BalCa-LTA, ysopaxk je 3aepesan na memnepamypu oo 1300°C u cmpyxmypa Bal/Ca-
genocnama je oopehena ananuzom pernocercke ougparxyuje npaxa. [lapamempu X u U xoju
donpuHoce HaAnpe3awy Cy PeKOHCMpPYUcanu paxmaniom unmepnoaayujom. Kaoa 6yoemo
MO2NU 04 peKOHCmpyuuleMo 001uKe, Koju cy eghekmu KeaHmue mexamuxe, mpebano ou oa
obe3bedumo nooamke 3a npeosguharbe Jice/LbeHUX napamemapa Koju ¢y NpemxooHo
nomenymu. Y oeom pady je npuxazana ycnewiHa npumMeHa o06e HanpeoHe U CLONCEHe
MUKPOCMPYKMYPHE aHAU3e, Kojd je nomepouna opucuHaine ppakmaine ooauKe Ha OCHOBY
npuxazame mMopgonouike kapakmepuzayuje.
Kwyune peuu: muxpocmpyxkmypa, kpucmanocpagcku cogpmeep, perocnam; Ananusa
oughpakyuje peH02eHCKUX 3paKa, Qpakxmaina uHmepnoiayuja
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